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A BDCFE�GIHKJLE�MKENA�E1O�E1GIPQHKENGIHKJ
R

n R�S GIGLT1MKENMKE�U S CVOKJLE1HKGLE1G R J SQR JIWYX�Z[X�G'M]\^W_Ua`bBQJIW_BQUKc�E�d R BbJZ[JIBQUKGLefBbZIW S U]g R BQJ4J S ZhBiZ[W S U�j2E?Z-MKElk�H�BQGIWnmoWYU�`bBQJLWfBQU�c1E�d�HKUKE7B RKR e_W_c1BbZ[W S UpeYW_UKX1BQW_JLE
A : R

n → R
nCVHKeqZ[W R e_WYEreYE1G'` S e_HKCsE1G R BQJ | détA|

jut$vwUKE�ZIE1e_eYExCsE1GIH�JIENU]\^E?yzW_G{Z[E R BQG<E1U�MKWYCFE�UKGIW S U|W_U�}KUKW_Ebt
~ S HKG@Bbe_e S UKG8W_eYe_HKG{Z[JIE�J8c1EFC�BQU�k�H�EFE�UpMKX�C S UaZIJ[BQUaZ;k�H�\�WYe�U]\�EuyzW_GLZIE R BbG;GLHKJ@e�\�E�G R BQc�EFM�E���BbU�BQch�
E = C([0,1],R)

MKEVCsE1GLHKJIE4e S c1BQe_E�CFE�U�Z�}�UKWYE@WYU�`bBQJLWfBQUaZIE R BQJwZ[J[BbUKGIe_BbZ[W S UxBQHzZ[JIE@k�H�E4efBFCsE1GLHKJIEU�HKe_eYEQt
A�\��a� R
S Z[�KT�GIE@�0e S c1BQe_E�CFE�U�Z(}�UKWYE��4WYC R e_W_k�HKE�k�HKE�Z S H�Z R
S WYUaZ�BQMKCsE�Z�HKU-` S W_GIWYU�BQP�E�MKE�CFE�GIHKJLE}�UKWYEQt]��HKWYGIk�HKE-Z S HzZ8` S WYGIW_UKBQP�E4c S U�ZIW_E�U�Z2HKU�EsO S HKeYE4MKE-J[B�� S U�G{Z[JIWYc�ZIE1CsE1UaZ R
S GLWYZIWY��g�U S HKG2BQe_e S UKGH�ZIW_e_WYGIE�J�e�\^�a� R�S ZI�KT1GLEwG S HKG�e_B/� S JICsE�MKE$e�\^E?yzW_G{Z[E�UKc1E�M]\^HKUKE�O S H�e_E;d�MKE$JIB�� S U > 0

j�MKE$CFE�GIHKJLE�}KUKW_Ebt
� E�ZLZ[E/�a� R�S Z[�KT�GIE0E?yzc�e_H�Z�MKE1G�Euy�E�C R e_E1G�O�BQU�BQeYG�ZIE1eYG�k�HKE/efB2CFE�GIHKJLE/MKE/c S C R ZhBQPQEQtz~ S ZIJIE R JIE1Hz`�EJIE R
S GIE1JIBFBbe S JLG�GIHKJ�efB R J S�R JLW_X?Z[X8GIH�WY`bBQUaZ[E0MKE0e�\^E1G R BQc�E2M�E;��BQU�BQch� E
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R > 0 ¤�¥§¦ ¡Q¨h©8£ª¡Q«�£ª¬-­h¡Q« ¦ ¬�®�¡Q«�¯i¬1¨?£�¬{°s±�¬@¨{²�³Q¡Q´ R µ ¡Q´�£�¢�¬1´�£�«�´�¬@¢�´�¶�´�¢�£ª·±�¬V­h¡Q« ¦ ¬?©F®�¡Q«z¯i¬1¨u£�¬?©o°s±�¢_©�¸�¡Q¢�´�£�¬?©2±�¬;¨{²�³�¡Q´ R/4 ¤
� E�ZLZ[E R J SQR JIWYX�Z[Xbgu¹ S WYUaZ[E�º8efBwGIX R BQJ[BQO�W_e_WqZ[X�MKE E

g�W_C R e_WYk�HKE�U S Z[JLE�JIX1GLHKeYZ[BbZ�ti» S � S UKG�c S CFCsE1UaZ�¼e_E�G0O S H�e_E1G8M�EFCs½1CsE4J[B�� S U�G S UaZ@WYC�BQPQE1G/eYE1G0HKUKE�G;MKE�G@BbH�Z[JLE1G R BQJ0MKE�G2ZIJ[BQUKGLefBbZIW S U�G]¾]E1eYe_E�G S UaZM S U�c§efB0Cs½1CsEwCsE1GLHKJIEbt�A�\^��� R�S Z[��T1GIE§W_C R e_WYk�H�E�e�\^E?yzW_G{Z[E1U�c1E§M�E R > 0
Z[E�e
k�HKEwefB2O S H�e_E$MKE§JIB�� S U

R
E1G{ZVMKEFCFE�GIHKJLEF}�UKWYEQt¿A B R J S�R�S GIWqZ[W S U R E1JLCFE?Z@M�E�CsE�ZIZIJIEsHKUKEsW_U�}KUKWYZIXFMKEsO S HKe_E�G;M�W_G�¹ S W_UaZ[E�GMKE;J[B�� S U R/4

M�BbUKG§c�E�ZIZIEVO S HKe_Ebt�À S H�Z[E�G§c1E�G-� R E�ZIWYZIE1G8�<O S HKe_E�GwG S UaZ/e_E�GwWYC�BbP�E1G$e_E�G§HKU�E1G§M�E1GBQH�ZIJIE�G R BQJ�MKE�G�Z[JIBQUKGIe_BbZ[W S UKG�E�Z S UaZ�M S UKc8efB@Cs½1CsE/CsE1GLHKJIEbtK��HKW_GLk�H�\�WYe
�'E�U7BVHKUKE8W_Uz}�UKWYZIX§M�BbUKGHKUKE0O S HKeYE8MKE0CFE�GIHKJLE0}KUKW_Ebg�Z S HzZ[E1G�c1E�G$O S H�e_E1G$G S UaZwE�U7��BbWYZ�MKE0CsE1GLHKJIE0U�HKe_eYEQtA B0GLX R BbJ[BQOKWYe_WqZ[X�Á:MKE E
GLW_P�UKWq}�E�k�H]\^W_eKEuy�WYGLZIE�H�UKE R BQJLZIW_E�MKX�U S CVO�J[BQOKeYE�MKE1U�GIE D ⊂ E

ta��HKWYGIk�HKE
Z S H�Z R�S WYU�ZwMKE E

E�GLZ/BQe S JLG�BQJIOKWqZ[JIBQW_JLE1CsE1UaZ R J S ch�KE@M�\�HKU R
S WYUaZ§MKE D
g�e_E�GwO S HKeYE1G�MKE@JIB�� S U R/4c1E�UaZ[JIX�E1G;E1UpeYE1G R�S W_UaZ[G0MKE D

JIE�c S H�`�JLE1UaZ E
g�k�HKW�E1G{Z@M S UKc-MKEFCsE1GLHKJIEsU�HKe_eYEQt�A B<GIE�HKe_E-CsE1GIH�JIEGIH�J

E
e S c�BQeYE1CsE1UaZ�}�UKWYE8E�Z�W_Ua`bBQJLWfBQUaZ[E R BQJ�J S ZhBbZIW S UlE�GLZwM S UKc0efBVCsE1GLHKJIE0U�HKeYe_EQtÂoe�U S HKG$JLE1GLZIE@º4MKX�C S U�ZIJIE�J�e_B R J SQR
S GLWYZIW S U]tA�\�WYMKX1ElE�GLZsJIE�efBbZIWY`�E�CFE�UaZ4GIWYC R eYE�¼ S U�`bB R JLE1UKMKJLE<HKUKE<GIHKWqZ[E xn

M�E R�S WYU�ZIGVMKE [0,1]
E�Z-M�E1G

� S UKc?Z[W S UKGsc S UaZ[WYU�HKE1G fn : [0,1] → [−1,1]
Z[E�e_e_E�GFk�HKE

fn(xn) = 1
E?Z

fp(xn) = −1
M�T1G'k�HKE

p 6= n
t�A E�Gw� S U�c�Z[W S UKG R/2 · fn

G S UaZ/Bbe S JLG�M�E;U S JICsE R/2
d�E?Z§eYE1G�O S HKe_E�G B(fn,R/4)

G S UaZ/M S UKcc S C R JLW_GLE1G�M�BbUKG�efBwO S H�e_E B(0,R)
j(E?Z�º/MKWYGLZhBbUKc1E

R
e_E�G�HKUKE�G�MKE1G�BQHzZ[JIE�G$d�M S UKc�c1E�G�CF½�CFE�G:O S HKeYE1GG S U�Z�MKWYG�¹ S WYUaZ[E1G[j?tÃ U R E�H�Z R E�UKGIE�J/ºFM�E@U S C@OKJIE�HKGIE�G/c S U�GLZ[JLHKc�ZIW S U�G§MKWqÄ�X�JIE1UaZIE1G R�S HKJ�E?yz�KWYO
E�JwM�E;Z[E�e_eYE1G�� S UKcumZ[W S UKG0d R BQJ�Euy�E�C R e_E8MKE�G R�S eq�zU�Å�CFE�G�Z[JLW_P S U S CsX�Z[JLW_k�HKE�Ghj
¾ R
S H�J�U S ZIJIE R BQJ{Z�gKU S HKG�BQe_e S UKG�H�Z[WYe_W_GLE1JMKE�G/� S UKc�ZIW S U�G/BbÆsUKE�G R BQJ/C S JLc1E�BbHzyÇZIJIT�G/GIWYC R eYE1G]¼ R JLE1U S U�G R BQJ/EuyzE1C R e_EVH�UKE@��BQCsW_eYe_E (In)n∈NM]\^W_UaZ[E�JL`bBQeYe_E1G:MKE

[0,1]
M S UaZ�e_E1G�WYUaZ[X1JLW_E�HKJIG�G S UaZ�M�W_G�¹ S W_UaZ[G�d R BQJ�E?yzE�C R eYE�e_E�G�WYUaZ[E1J{`bBQe_eYE1G�M���BQMKWYk�H�E1G

È�ÉIÊ Ë?Ì�ÌQÍ{Î�Ï?ÐiÑ�ÌbËuÒ�Í{Ó�Í{Ô�Ì�Î�Í�Õ1Ö�Í�ÎY× Ï?Ð4ÌQÍ{Ö�Ø�Ù�ÚLÔ�Ï�Ð1Ø�Ò�Í{Ò�Û{Í�Ø�Ø�Í�Ñ�Ú{ÌiË?Ò�Ë?Ü�Ý�Î�Ý�Ø�Ú�Í{Ð-Û{Ï?ÐiÑ�ÝÞÙ�Ú{ÒªËuÐ1Ø�Î�ÍIÑ�ÌQÏ?Î�ß�Ð�à?Ô�ÍLÑ�áÛ�Ï�Í{â�Û{Ý�ÍLÐ1Ø�Ñ�Ò�ËuØ�Ý�Ï?Ð�ÐiÍ{ÎÞÑ�Í{Ø�ÍLÐ�Ý�Ð�ã?Ï�Õ1ÖiËuÐ1ØzÎ�Í
Ø�ä�ÚLÏ?Ò�å{Ô�Í
Ù�Í æ1Ø�Ï?Ð�Í�ç�èVÍ{Ý�Í{ÒªÑ�Ø�Ò�Ë?éiÉIê Ð�Í�Ì�Ò�Í{Ö�ã�Í
Ì�Î�ÖiÑ�ÌQÚLÙ�ÍIÑ�Ø�Ò�Í�ëIÖ�Ø�Ý�Î�ÝÞÑ�Ë?Ð1ØÎÞË$Û�Ï�Ð�Ø�Ý�Ð�Ö�Ý�Ø�Ú�Ö�Ð�Ý�ìnÏ?Ò�Ô�Í�ëiÔ�Ï?Ð1Ø�Ò�ÍLÒ�Ë?Ý^Ø Ñ�Ý�Ô�Ì�Î�Í{Ô�Í{Ð1Ø�Õ�ÖiÍ�Î�ÍIÑ�ìnÏ�ÐiÛoØ�Ý�Ï�ÐiÑ¿Ëuâ�ÐiÍLÑ�ÌiË?Ò¿Ô�Ï?ÒªÛ�ÍIËuÖ�Óaë�Ù�Ú{íiÐ�Ý�ÍLÑ(á�ÎY× ËuÝÞÙ�Í�Ù�ÍÑ�Ö�ÜQÙ�Ý�ã�ÝÞÑ�Ý�Ï?ÐiÑ�ÒªËhØ�Ý�Ï�Ð�Ð�ÍLÎ�Î�ÍLÑ
0 = r0 < r1 < · · · < rn = 1

Í�Ø�Ù�Í/ãhËuÎ�Í{ÖiÒ�Ñ�ÒªËhØ�Ý�Ï�Ð�Ð�Í{Î�Î�ÍLÑ
y0,y1, . . . ,yn

ìnÏ?Ò�Ô�ÍLÐ1ØÚ{î1ËuÎ�Í{Ô�Í{Ð1Ø�Ö�Ð/Í{ÐbÑ�ÍLÔ�Ü�Î�Í�Ù�Ú{Ð�Ï�Ô�Ü�ÒªËuÜiÎ�Í�Ù�Í{ÐbÑ�Í�É



[2−n−1,2−n]
jut Ã U R E1H�Z�BQe S JIG���Bbc1W_eYE1CsE1UaZ�MKX?}�UKWYJ�H�UKE�� S UKc�ZIW S U fn

BiÆFU�E R BQJ�C S JLc1E1BQHzy4ZIE1e_eYE�k�HKE
fn

`bBQHzZ
−1

E1U7MKE�� S JIG$MKE0e�\�WYU�ZIE1J{`QBbe_e_E In
g�CFBQW_G§ï2E�UreYE8c1E�U�ZIJIE

xn

MKE
In
t

� E1e_B-c�e_ÅQZ$e_BVMKX1C S UKG{Z[JIBbZ[W S U]t


